Abstract. We present a combinatorial criterion on reflexive polytopes of dimension 3 which gives a local-to-global obstruction for the smoothability of the corresponding Fano toric threefolds. As a result, we show examples of singular Gorenstein Fano toric threefolds which have compound Du Val, hence smoothable, singularities but are not smoothable.
Introduction
The geometry of Mirror Symmetry for Fano varieties [1] is based on the phenomenon of toric degeneration. From this point of view, it is crucial to study deformations and smoothings of Fano toric varieties. In this note we will restrict to the case of Fano toric threefolds with Gorenstein singularities; such varieties are in one-to-one correspondence with the 4319 reflexive polytopes of dimension 3, which were classified by Kreuzer and Skarke [3] .
Fix such a polytope P and denote by X P the corresponding Fano toric variety, i.e. the toric variety associated to the spanning fan of P . The singularities of X P are detected by the shape of the facets of P . Here we will ignore the problem of understanding which singularities are smoothable. Instead, we will present a local-to-global obstruction to the smoothability of X P . In other words, we will show examples where there exists an open non-affine subscheme Y → X P such that Y is singular, Y has smoothable singularities, and Y is not smoothable (and consequently X P is not smoothable). These examples are constructed by means of the following combinatorial criterion -the relevant definitions are given in §3. Theorem 1.1. Let P be a reflexive polytope of dimension 3 and let X P be the Fano toric threefold associated to the spanning fan of P . If, for some integer n ≥ 1, the polytope P has "two adjacent almost-flat A n -triangles" as facets, then X P is not smoothable.
There are 273 reflexive polytopes of dimension 3 which satisfy the condition of Theorem 1.1. The complete list is given in Remark 3.8. Therefore, there are at least 273 non-smoothable Gorenstein toric threefolds.
The following example, which satisfies Theorem 1.1, exhibits a Gorenstein Fano toric threefold which is non-smoothable and has only cA 1 singularities. This variety refutes a conjecture made by Prokhorov [6, Conjecture 1.9], according to which all Fano threefolds with only compound Du Val singularities are smoothable. This conjecture was motivated by Namikawa's result [5] on the smoothability of Fano threefolds with Gorenstein terminal singularities. Let X = X P be the Fano toric threefold associated to the spanning fan of P . One can show that the singular locus of X is a curve C isomorphic to P 1 and that the singularities along C are transverse A 1 . Using the techniques of §3, it is possible to prove that the sheaf Ext
X , O X )) = 0 and, by Lemma 2.5, that every infinitesimal deformation of X is locally trivial. Therefore X is not smoothable.
Idea of the proof. We now briefly sketch the proof of Theorem 1.1. Fix an integer n ≥ 1. An A n -triangle (see Definition 3.1) corresponds, via toric geometry, to the cA n threefold singularity Spec C[x, y, z, w]/(xy − z n+1 ). If a reflexive polytope P of dimension 3 has two adjacent A n -triangles as facets, then there is an open non-affine toric subscheme Y of X P such that the singular locus of Y is isomorphic to P 1 and the singularities are transverse A n . Here A n denotes the affine toric surface Spec C[x, y, z]/(xy − z n+1 ). More precisely, Y is an A n -bundle over P 1 (see Definition 2.1), i.e. there exists a map π : Y → P 1 such that, Zariski locally on the target, it is the trivial projection with fibre A n . The map π may be globally non-trivial, depending on the relative position of the two adjacent A n -triangles. It is possible to express the sheaf π * Ext
, which is a vector bundle on P 1 of rank n, in terms of the combinatorics of the two triangles. In particular, we get to know when this sheaf is the direct sum of negative line bundles on P
1 . This gives a combinatorial sufficient condition for Ext
not to have global sections; the condition is expressed by insisting that the two triangles almost lie on the same plane, i.e. they are "almost-flat" (see Definition 3.2). If this happens, then every infinitesimal deformation of Y is locally trivial and, thus, X P is not smoothable.
Notation and conventions. We work over C, but everything will hold over a field of characteristic zero or over a perfect field of large characteristic.
If N is a lattice, its dual is denoted by M := Hom Z (N, Z) and the symbol ·, · denotes the duality pairing between M and N .
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A n -bundles and their deformations
For any integer n ≥ 1, let A n denote the toric surface singularity associated to the cone spanned by (0, 1) and (n + 1, 1) inside the lattice Z 2 , i.e. the affine hypersurface
The conormal sequence of the closed embedding A n → A 3 produces a free resolution of Ω
where I An/A 3 is the ideal of A n in A 3 . This allows us to compute
is the closed subscheme of A n defined by the ideal generated by y, x and z n . Notice that D n is the singular locus of A n equipped with the schematic structure given by the second Fitting ideal of Ω 1 An . We want to define the notion of an A n -bundle and globalise this computation of the Ext group. Informally, an A n -bundle is a morphism Y → S which, Zariskilocally, is the projection A n × S → S. More precisely we have to insist that an A n -bundle is a closed subscheme in a split vector bundle over S of rank 3.
and an affine open cover {S i } i of S satisfying the following condition: for each i, there are trivializations
where π E denotes the projection E → S, the coordinates
are the local sections corresponding to the trivializations above, the horizontal arrows are isomorphisms, the left vertical arrow is the restriction of the closed embedding ι : Y → E, and the right vertical arrow is the base change of the standard embedding A n → A 3 to S i .
. This follows from the following easy fact in commutative algebra: let A be a ring and f ∈ A be an invertible element; if the ideal of A[x, y, z] generated by xy − z n+1 coincides with the ideal generated by xy − f z n+1 , then f = 1.
Lemma 2.3. Let S be a scheme with a line bundle L ∈ Pic(S). Let D be the kth order thickening of the zero section of the total space of L, i.e. the closed subscheme
Proof. Let {S i } i be an affine open cover of S which trivializes L. Let x i ∈ Γ(S i , L ∨ ) be a local coordinate. Then we have the isomorphism of S i -schemes
).
∨ is the ideal made up of elements of degree greater than k.
Proof. Assume we are in the setting of Definition 2.1, with projections π Y : Y → S and π E : E → S, closed embedding ι : Y → E, and a trivialising affine open cover {S i } i of S with local sections x i , y i , z i .
We consider the conormal sequence of
where I Y /E is the ideal sheaf of the closed embedding ι : Y → E. We restrict this sequence to S i and we get the conormal sequence of
this is the base change to S i of (1), the conormal sequence of A n → A 3 → Spec C. As S i → Spec C is flat, we have that (3) is left exact for all i. As {S i } i is an open cover of S, we have that also (2) is left exact.
Since π E : E → S is the vector bundle whose sheaf of sections is
One can check that
we have the equalities x i = g 
Therefore the sequence (2) becomes
where D → Y is the closed subscheme locally defined by x i = y i = z 
This concludes the proof of Proposition 2.4.
The following lemma is well known in deformation theory. Proof. Let Def Y be the functor of infinitesimal deformations of Y , i.e. the covariant functor from the category of local finite C-algebras to the category of sets which maps A to the set of isomorphism classes of deformations of Y over Spec A and acts on arrows by base change. Consider the subfunctor Def Y → Def Y given by the locally trivial deformations. We refer the reader to [7, §2.4 ] for details. We want to show that the natural transformation Def Y → Def Y is surjective; it is enough to show that it is smooth; hence it suffices to prove that it induces a surjection on tangent spaces and an injection on obstruction spaces (for example see [4, Remark 4 .12]).
Let 
The local-to-global spectral sequence for Ext gives the following five term exact sequence 
Then all infinitesimal deformations of Y are locally trivial. In particular, Y is not smoothable. 
But the last sheaf is zero because S is smooth over C. Therefore we have an isomorphism of O Y -modules between Ext
Conclude with Lemma 2.5.
3. Toric A n -bundles over P 1 Definition 3.1. Fix an integer n ≥ 1 and a 3-dimensional lattice N . An A ntriangle in N is a lattice triangle T ⊆ N R such that:
(1) there are no lattice points in the relative interior of T ; (2) the edges of T have lattice lengths 1, 1, and n + 1; (3) T is contained in a plane which has height 1 with respect to the origin, i.e. there exists a linear form w ∈ M = Hom Z (N, Z) such that T is contained in the affine plane H w,1 := {v ∈ N R | w, v = 1}, where ·, · is the duality pairing between M and N . ). This is a cA n singularity. Definition 3.2. Fix an integer n ≥ 1 and a 3-dimensional lattice N . Two adjacent A n -triangles in N are two A n -triangles T 0 and T 1 in N such that: (4) T 0 ∩ T 1 is the edge of length n + 1 for both T 0 and T 1 ; (5) T 0 and T 1 lie in the two different half-spaces of N R defined by the plane span R (T 0 ∩ T 1 ). We say that T 0 and T 1 are almost-flat if w 1 , ρ 0 = 0, where ρ 0 is the vertex of the triangle T 0 not in the segment T 0 ∩ T 1 and w 1 ∈ M is the linear form such that T 1 is contained in the plane H w1,1 .
Notice that the condition of almost-flatness is symmetric between T 0 and T 1 because w 1 , ρ 0 = w 0 , ρ 1 . Remark 3.3. Let P be a reflexive polytope in the lattice N of rank 3 and let T 0 and T 1 be two adjacent A n -triangles which are facets of P . The convexity of P implies w 1 , ρ 0 ≤ 0.
Consider the dual polytope
The dual face of T 0 (resp. T 1 ) is the vertex −w 0 (resp. −w 1 ) of P * . The dual face of the edge T 0 ∩T 1 is the edge conv {−w 0 , −w 1 } of P * . The segment conv {−w 0 , −w 1 } has lattice length equal to 1 − w 1 , ρ 0 . Setup 3.4. Let T 0 and T 1 be two adjacent A n -triangles in a 3-dimensional lattice N . We denote by ρ u and ρ v the vertices of the segment T 0 ∩ T 1 . Let ρ 0 (resp. ρ 1 ) be the vertex of T 0 (resp. T 1 ) which does not lie on T 0 ∩ T 1 (see Figure 2) . Let Y be the toric variety associated to the fan in N generated by cone {ρ 0 , ρ u , ρ v } and cone {ρ 1 , ρ u , ρ v }. The projection N → N/(N ∩ (Rρ u + Rρ v )) Z induces a toric morphism π : Y → P 1 .
Proposition 3.5. Let T 0 and T 1 be two adjacent A n -triangles in a 3-dimensional lattice N . Then the toric morphism π : Y → P 1 , constructed in Setup 3.4, is an A n -bundle. Moreover, if w 1 , ρ 0 ≥ 0 then all infinitesimal deformations of Y are locally trivial. 
for some a, b ∈ Z.
Proof. Letρ ∈ N be the lattice point on the segment between ρ u and ρ v which is the closest one to ρ u . The triangle with vertices ρ u , ρ 1 ,ρ is an empty triangle at height 1, so {ρ u , ρ x1 ,ρ} is a basis of N . Without loss of generality we may assume that ρ u = (1, 0, 0),ρ = (0, 1, 0) and ρ 1 = (0, 0, 1). Since on the edge between ρ u and ρ v there are n + 2 lattice points, we have ρ v = ρ u + (n + 1)(ρ − ρ u ) = (−n, n + 1, 0). Assume ρ 0 = (a, b, c) for some a, b, c ∈ Z. Since ρ u ,ρ, ρ 0 are the vertices of an empty triangle at height 1, they constitute a basis of N . Therefore c = det(ρ u |ρ|ρ 0 ) = ±1.
Since ρ 0 and ρ 1 have to be in the two different half-spaces in which the plane Rρ u + Rρ v = (0, 0, 1)
⊥ divides N R , we have c < 0, so c = −1.
Proof of Proposition 3.5. By Lemma 3.6, the ray map
One can see that the ideal of Z generated by the 2 × 2 minors is Z itself and the ideal generated by the 3 × 3 minors is rZ, where r = gcd(n + 1, b) > 0. Let p, q ∈ Z be such that b = rp and n + 1 = rq. The kernel of the ray map is generated by the primitive vector (q, q, −np−aq, −p). By Bézout let s, t ∈ Z be such that sp+tq = 1. The cokernel of the transpose of the ray map is the homomorphism Z 4 Z ⊕ Z/rZ given by the matrix−qa − pn −p ss −sā +tnt , where· denotes the reduction modulo r. By [2, Theorem 4.1.3], the divisor class group of Y is isomorphic to Z ⊕ Z/rZ. Let the group
V(x 0 , x 1 ) with respect to this action. Let x 0 , x 1 , u, v be the Cox coordinates of Y associated to the rays ρ 0 , ρ 1 , ρ u , ρ v , respectively. The toric morphism π : Y → P 1 is defined by
We consider the following integers
and we consider the line bundles
V(x 0 , x 1 ) with respect to the action of G m with weights (1, 1, d y , d z , d t ). It is easy to check that the map ι :
: uv] is a closed embedding, locally defined by xy − z n+1 = 0. So π Y : Y → P 1 is an A n -bundle and we are in the situation of Definition 2.1.
The triangle T 1 is contained in the plane H w1,1 , where
Hence, the inequality w 1 , ρ 0 ≥ 0 implies that L z is a negative line bundle on P 1 and, by Corollary 2.6, that all infinitesimal deformations of Y are locally trivial.
Remark 3.7. Out of the 4319 reflexive Fano polytopes of dimension 3, there are 27 polytopes P such that the toric variety X P associated to the spanning fan of P has a singular locus isomorphic to P 1 and there is an open neighbourhood of the singular locus that is an A n -bundle over P 1 , for some n ≥ 1. Using the criterion above we can deduce that 10 out of these 27 toric varieties have only locally trivial deformations. One such variety is exhibited in Example 1.2.
Remark 3.8. More generally, one can consider the Gorenstein Fano toric threefolds X P such that there exists a toric open immersion Y → X P where Y is a toric A nbundle over P 1 . If the condition of Proposition 3.5 is satisfied, then Y has only locally trivial deformations and consequently X P is not smoothable. This is the proof of Theorem 1.1.
We use the classification of reflexive 3-dimensional polytopes by Kreuzer and Skarke [3] , but we use the IDs that appear in http://www.grdb.co.uk. 
